We solve renormalization group equation in QCD in the presence of SU(3) constant chromoelectric field E a with arbitrary color index a=1,2,...8 and find that the QCD coupling constant α s depends on two independent casimir/gauge invariants
I. INTRODUCTION
Although quantum chromodynamics describes the interaction among quarks and gluons, the classical color field is used in many experimental situations, especially to model the non-perturbative physics. Quark and gluon production from strong chromo-electric field via Schwinger mechanism [1, 2, 3, 4] itself is a non-perturbative effect. This mechanism is often used in PYTHIA generator [5] to study low p T hadron production at collider experiments.
At RHIC and LHC heavy-ion colliders the classical color field play an important role to study production of quark-gluon plasma [6] . Color glass condensate provide a natural framework to determine the initial condition on the classical color field at RHIC and LHC [7] .
In these situations it is necessary to know how QCD coupling constant depends on SU (3) color field. In this paper we solve the renormalization group equation in QCD in the presence of SU(3) constant chromo-electric field E a with arbitrary color index a=1,2,...8. Using background field method in QCD we derive β function from the one loop effective action of quark and gluon in the presence of constant chromo-electric field E a . Using these two facts we determine the exact dependence of the QCD coupling constant α s on chromo-electric field E a in SU(3).
The paper is organized as follows. In section II we solve renormalization group equation in QCD in the presence of SU(3) chromo-electric field. In section III we derive β function from one-loop effective action. In section IV we discuss the dependence of QCD coupling constant on the second casimir invariant in SU(3). We present our conclusions in section V.
II. RENORMALIZATION GROUP EQUATION IN QCD IN SU(3) CHROMO-ELECTRIC FIELD
In the background field method of QCD [8, 9] the total gauge field is the sum of classical background field A a µ and quantum gluon field Q a µ . The gauge fixing term depends on the background field A a µ . As pointed out in [9] it is not necessary to renormalize the quantum gluon fields Q a µ and the ghost fields. Gauge fixing parameter renormalization is also not necessary because the physical result is gauge fixing parameter independent. Hence the background field A a µ and coupling constant g need to be renormalized. We define the bare quantities in terms of the renormalized one as follows [9] 
This gives
Since F a µν [A] transforms covariantly with respect to gauge transformation we find from the above equation
where we have used
The renormalization group equation for the effective action Γ can be written as [10] [
The effective action may be written in terms of the 1PI Green's function via
Using eq. (6) in (5) we find
which is the familiar form of the renormalization group equation in QCD [11] .
There is another way to expand the effective action [2, 10] . Instead of expanding in powers of A a µ one can expand in powers of momentum. In coordinate space it has the form
Hence we will use eq. (5) instead of (7) for the differential equation of the renormalization group. In the presence of constant chromo-electric field the one loop effective action for gluon
depends on three independent gauge and Lorentz invariant eigenvalues λ j of f abc E c in SU(3)
Hence the renormalized effective lagrangian density L j depends on λ j . In terms of gauge and Lorentz invariant variables, the renormalization group equation becomes
In order to solve this differential equation we define dimensionless Lagrangian densitȳ
which can only depend on the dimensionless quantity
We find from eq. (11)
Solving the differential eq. (14) we find:
which gives
In this paper we consider α s at the one loop level and take the β function of the form
We find from eq. (17) the QCD coupling constant
where
For the quark case the β functions are different and the eigenvalues are in fundamental representation of SU(3). Three independent gauge and Lorentz invariant eigenvalues of T a ij E a for the quark case are given by
All now remains is to find the β functions from one-loop effective action which we will derive in the next section.
III. β FUNCTION IN QCD FROM ONE-LOOP EFFECTIVE ACTION
The one-loop effective lagrangian density for gluon in the presence of SU (3) constant
Expanding sin and cos functions we get
Since s has dimension of length, the ultra violate divergence occurs at s → 0 which leads to charge renormalization [2] . The ultra violate divergent term in eq. (23) is
We write eq. (22) as follows
The s integration involving the square bracket term is now finite. We can obtain the β function from the coefficient of the divergent term by renormalization procedure by adding the counter term ZL 0 . We put a cut-off for the infrared limit at s = s 0 and by change to the dimensionless variable s j → sgλ j . We find
The free lagrangian density is given by
Adding the counter term (ZL j 0 ) to eq. (25) the renormalized lagrangian density becomes
The renormalization condition is then given by
We find from the above equation
which when used in eq. (27) gives the renormalized Lagrangian densitȳ
The β function can be obtained from the renormalized Lagrangian density. From eqs.
(14), (12) and (28) we findγ
Using eqs. (15) and (3) in the above equation we find
Using eq. (32) we find from eq. (30)
which gives the β function for a gluon loop
where we have used eq. (18).
The effective Lagrangian density for massless quark is given by [1]
The coefficient of the ultra violate divergent term (as s → 0) is 1 3 . The free Lagrangian density is given by
Carrying out similar renormalization analysis as for gluons we obtain the renormalized Lagrangian densityL
which gives the β function for a quark loop
To summarize, eq. (19) describes evolution of QCD coupling constant in the presence of SU(3) constant chromo-electric field, together with eqs. (34) and (39) asβ 0 functions for a gluon and quark loop respectively.
IV. QCD COUPLING CONSTANT AND SECOND CASIMIR INVARIANT IN SU(3)
It can be seen that the two independent casimir invariants
2 in SU(3) are gauge invariant with respect to the gauge transformation
Let us denote the vector E in 8-dimensional color space in SU(3) with components E a = (E 1 , E 2 , ....., E 8 ). It can be seen that while the first casimir invariant C 1 is independent of the direction of the vector E, the second casimir invariant C 2 may depend on the direction of E in 8-dimensional color space even if it is gauge invariant. This is because of presence of d abc whose components are not equal to each other [12] . These two independent casimir invariants satisfy the limit
Eq. (41) gives the limit
when the λ j 's are given by eq. (10) in the adjoint representation of SU(3) and
when the λ j 's are given by eq. (21) in the fundamental representation of SU(3).
Since θ appears inside log in α s (λ j ) it is useful to check that this θ dependence is under control for this one loop calculation. When the λ j 's are given by eq. (10), it can be checked that the one-loop result of α s (λ j ) in the maximum allowed range 0 ≤ θ ≤ (see eq. (43)) is under control only for asymptotically very large value of
For realistic values of
, g and Λ at RHIC and LHC we can determine the range of θ for which 0 < α s ≤ 1 in this one-loop calculation of α s . For example, by using eq. (10) we find from 0 < α s ≤ 1, the range
It can be seen that when Similarly, by using eq. (21) we find from 0 < α s ≤ 1, the range
It can be seen that when In Fig. 1 we present the result of α s (λ j ) as function of θ for fixed values of
We In Fig. 2 we present the result of α s (λ j ) as function of θ for fixed values of
We have used g=3 and Λ= 200 MeV. The scale λ j 's are given by eq. It can be seen from Fig. 1 and Fig. 2 that, for same values of θ, the value of α s decreases
increases which is consistent with asymptotic freedom.
In Fig. 3 we present the result of α s (λ j ) as function of It can be seen from Fig. 3 that the θ dependence is under control in the entire range of In Fig. 4 we present the result of α s (λ j ) as function of . In this figure we have chosen three different values of θ which are within the maximum allowed range
as given by eq. (43).
It can be seen from Fig. 4 that the θ dependence is under control in the entire range of
It can be seen from Fig. 3 and Fig. 4 that the value of α s decreases as
increases which is consistent with asymptotic freedom. 
V. CONCLUSION
We have solved renormalization group equation in QCD in the presence of SU (3) . These coupling constant may play an important role in the study of production and equilibration of quark-gluon plasma from classical color field at RHIC and LHC. This coupling constant may also play an important role to study low p T hadron production at collider experiments using string breaking mechanism in the color flux-tube model.
